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Determining pressures and stresses that arise when mechanical components come into con-
tact is crucial for analysis of surface-related failures. In real situations, determining contact
pressure and stress distributions is challenging and depends on several factors, such as load,
material properties and surface characteristics. This paper describes the determination of
contact pressure on rough surfaces using a one-dimensional approach. Elastic, frictionless,
unilateral, normal contact between a rough surface and a smooth surface is considered. Lin-
ear elastic half-space theory is used, and the contact pressure distribution is obtained by
solving an associated optimisation problem. Results are given for a virtual wavy profile and
two engineering roughness profiles.
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1. Introduction

Contact problems in engineering have been studied for decades, particularly those related to
elastic contact between deformable bodies. Research in this field is of considerable importance
in mechanics since contact occurs between all interacting bodies that transmit forces and motion.
When two bodies are pressed against each other, a contact area is formed in the interface between
them, and a challenge is to determine the interfacial pressure and stress distributions developed
in the vicinity of the contact zone (Zhao et al., 2014). Jackson and Green (2006) and He et al.
(2021) noted that stress analysis in materials in contact is of significant importance for design of
mechanical components. According to Persson (2006), the study of contact between surfaces is
also essential due to its influence on heat transfer, wear, friction and adhesion phenomena that
significantly affect efficiency and durability of engineering systems.
All natural or manufactured surfaces are rough at the microscopic level and exhibit asperities

at various length scale regardless of how they have been produced and even if they appear
smooth macroscopically (Rey and Bleyer, 2018). The surface roughness also affects contact
characteristics with a significant impact on the interfacial pressure and stress distributions and,
consequently, on friction, wear and superficial damage behaviour (Jackson and Green, 2006).
Therefore, it is essential to understand the nature of roughness and its effect on contact problems
to analyse situations that correspond more closely to real applications (Weber et al., 2018).
According to Josso et al. (2002), surface topographies can be described as a superposition of
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three components: form, waviness, and roughness. The contact mechanics between rough surfaces
aims at explaining the complex interactions between asperities of the roughness component.
Understanding the nature of these interactions is of great practical interest as they play a vital
role in the tribological performance of different systems. However, understanding the relationship
between the contact variables – such as interfacial pressure, stresses, real contact area, contact
stiffness and many other aspects depending on morphological properties of the surfaces – remains
challenging (Hills et al., 1993; Bemporad and Paggi, 2015; Zhang et al., 2019; Fu et al., 2020).

In order to calculate the contact pressure distribution, the present work uses theory of elastic
half-spaces to describe the normal frictionless contact problem between two bodies. Then, the
contact regions of the bodies are discretised, resulting in a linear complementarity problem
(LCP), which is converted into an optimisation problem and solved with a classic optimiser
algorithm. Recently, LCPs have been used to solve optimisation problems, and in the last 20
years, elastoplastic analysis problems have also been solved by converting them into LCPs, which
have emerged as a unified solution for quadratic and linear programming. According to Cottle
et al. (1992) and Sushun (1995), the complementarity and linearity of an LCP provide necessary
fundamental elements for the analysis and understanding of the complex nature of mathematical
programming and equilibrium problems.

The contribution of this paper is twofold. First, it presents contact pressure solutions of real
roughness profiles, which are not extensively used in studies with rough surfaces that usually
represent asperities by analytic functions. The paper also uses an approach based on solving an
associated optimisation problem, performed numerically by quadratic programming, a method
that has not been widely used in the study of normal contact problems.

2. Formulation of the contact problem

2.1. Mathematical modelling of the contact problem

Two smooth non-conforming isotropic elastic bodies are considered to be initially in contact
at a single point P . After applying an external normal force, both bodies deform in the vicinity
of P , as shown in Fig. 1. At the interface between the bodies, contact pressures arise. The math-

Fig. 1. Schematic representation of two smooth elastic bodies in contact

ematical formulation adopted in the present work to calculate the contact pressure distribution
at the interface is based on the elastic half-space theory for normal frictionless line contact prob-
lems (Johnson, 1985; Zhao et al., 2014). According to this theory, when two homogeneous linear
elastic bodies with positive radii of curvature are brought into contact, and their deformations
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are small enough for the theory of linear elasticity to be applicable, the dimensions of the cor-
responding contact area will be small compared with the radii of curvature of the undeformed
surfaces. Since the region of interest is located in the vicinity of the contact area, the stresses
can be calculated to a good approximation by considering each body as a semi-infinite elastic
solid bounded by a flat surface, i.e., an elastic half-space. In addition, the following conditions
for normal contact problems are considered: (i) there is no penetration between the two bodies,
and thus the distance between the two surfaces is zero in the contact area and positive outside
it; (ii) the pressure is zero outside the contact area. Mathematically

e(x) = 0 p(x) ­ 0 (points in the contact area)

e(x) > 0 p(x) = 0 (points outside the contact area)
(2.1)

In the above equations, p(x) is the interfacial pressure at the point x, e(x) = u(x) + g(x) is the
normal distance between the points on the surfaces after deformation, g(x) is the initial gap
between the surfaces before deformation, and u(x) is the normal displacement at the point x.
Considering elastic half-spaces, the normal displacement at the point x, induced by the pressure
p(x) distributed in the interval I = [xa, xb] is given by Wang and Zhu (2020) as

u(x) =
−4

πE′

xb
∫

xa

ln |x− x′|p(x′) dx′ (2.2)

where E′ is the effective Young’s modulus E′ = 2/[(1 − ν21)/E1 + (1 − ν
2
2 )/E2], E1 and E2 are

Young’s moduli, and ν1 and ν2 are Poisson’s ratios of the materials of body 1 and body 2,
respectively. The total normal force F is calculated as

F =

∫

I

p(x) dx (2.3)

The solution of the contact problem should satisfy the contact conditions of Eqs. (2.1) and
involves calculation of Eq. (2.2), which is generally obtained numerically by discretising the
interval I with a uniform mesh and approximating the pressure profile by a piecewise constant
function (see, for instance, Venner, 1991). Thus, the discretised form of Eq. (2.2) can be written
as

ui = u(xi) =
j=N
∑

j=1

Kijpj or u = Kp (2.4)

where N is the number of discrete points and Kij are the influence coefficients that compound
the influence matrix K, i.e.

Kij =
−4
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(2.5)

To solve the numerical problem, an N -dimensional vector x = [x1, x2, . . . , xN ] is constructed
with the coordinates of discrete points in the interval I = [xa, xb]. Likewise, the values of pres-
sure p(x), the gap between the surfaces before deformation g(x), the normal displacement u(x)
and the gap between the surfaces after deformation e(x) at each point xi are also represented
by the N -dimensional vectors p, g, u and e, respectively.
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In the present approach, the initial gap at the reference point g0 must be provided. Therefore,
the vector g containing the initial gap can be calculated based on the shapes (radii of curvature)
of the contacting bodies as

g = g01+ gs (2.6)

where gs is the normal distance between the contact surfaces defined from the reference point,
and 1 is an N -dimensional unit vector. The normal force is obtained from Eq. (2.3) after the
solution of p(x) is found. Notice that for smooth surfaces, to have contact between the bodies,
g0 should be negative (g0 < 0).

To account for the effect of surface roughness in the elastic half-space contact modelling
approach, the function r describing the roughness heights is considered to define the initial gap.
Accordingly, Eq. (2.6) can be rewritten as

g = g01+ gs + r (2.7)

where r is the N -dimensional vector containing the roughness heights at the discrete points xi.
Figure 2 depicts the initial undeformed contact geometry between a rough elastic flat surface

(body 1 in Fig. 2) and a smooth rigid plane (body 2 in Fig. 2). It is important to remark that
considering one of the surfaces smooth and rigid does not restrict the applicability of the current
modelling approach, since two rough elastic surfaces can be transformed into the contact problem
between a rough surface and a plane using equivalent parameters (Barber, 2018).

Fig. 2. Schematic representation of the initial undeformed contact gap between a rough flat elastic
surface and a smooth rigid plane

2.2. Elastic normal contact problem as a linear complementarity problem

The contact conditions defined in Eqs. (2.1), and the distance between the contact surfaces
after deformation can be written in discretised vector forms using Eq. (2.4) as

piei = 0→ p
Te = 0 e = Kp+ g (2.8)

Therefore, to find the pressures at the discrete points, the following system of equations must
be satisfied

e =Kp+ g pTe = 0 p, e ­ 0 (2.9)

The above equations can be identified as a linear complementarity problem (LCP). An important
property of this LCP is that, as K is symmetric and positive definite, the solution is unique
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(Bemporad and Paggi, 2015). The LCP described by Eq. (2.9) can be written as the following
quadratic optimisation problem

min
p
f(p)→ min

p
(pTKp+ pTg)

subject to:

{

Kp+ g ­ 0
p ­ 0

(2.10)

The optimisation problem described in Eq. (2.10) is solved in Matlab using quadratic pro-
gramming and an interior point algorithm presented in Byrd et al. (1999) and Nocedal and
Wright (2006).

3. Numerical results and discussion

This Section discusses the numerical results obtained with the proposed calculation method for
contact pressure of the three case studies. First, the profile of an analytical wavy surface is
considered. Afterwards, the roughness profiles of two real engineering surfaces obtained from
optical profilometry are analysed. For all cases, body 1 (the upper body) is assumed rough and
body 2 (the lower one) smooth, following the formulation presented in Section 2.

3.1. Analytical wavy profile

This case evaluates the proposed calculation method for a wavy analytical profile. The geo-
metric and material properties of the two contact bodies are shown in Table 1.

Table 1. Parameters for simulations of the analytical wavy profile

Body
Radius of curvature Young’s modulus Poisson’s ratio

[mm] [Pa] [–]

1 20 210 · 109 0.3

2 50 210 · 109 0.3

The undulation of the wavy profile is chosen such that the peak heights are about 10 times
smaller than the initial distance g0 = −0.01mm. Mathematically, this undulation is prescribed
as

r(x) = 0.001 cos(50x) x ∈ [−1mm, 1mm] (3.1)

To analyse the influence of the mesh discretization, simulations with meshes containing 64,
256 and 1024 nodes have been performed, and the results are summarised in Table 2. Figure 3
depicts the distance between the bodies in the initial condition. While the total force and contact
width vary little as the number of nodes increases, the maximum pressure increases with the
number of nodes. This increase can be explained by the highly accurate representation of the
profile waviness as the mesh is refined, which yields a localized decrease in the real contact area
and an increase in the local pressure.
Figures 4 show the pressure and gap distributions between the contact surfaces before and

after contact for different meshes (64, 256 and 1024 nodes, respectively). The horizontal axis is
normalised by a half-width of the Hertzian contact (x = x/b). The contact pressure is normalised
by its maximum value (p = p/pmax) and is represented by the solid black line. The dotted blue
and solid red lines represent the normalised initial (g = gR/b2) and final (e = eR/b2) gaps,
respectively, where R = 1/(R−11 + R

−1
2 ) is the reduced radius of curvature, and R1 and R2 are

the radii of curvature of body 1 and body 2.
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Table 2. Simulation results of the analytical wavy profile.

No. of Normal force Maximum pressure Contact width
nodes [N/mm] [MPa] [mm]

64 856.7 2936 0.365

256 851.2 3991 0.341

1024 851.2 4036 0.333

Fig. 3. Initial gap for the virtual wavy profile

Fig. 4. Initial and final gaps and contact pressure for the analytical wavy profile. Results for meshes
with (a) 64, (b) 256 and (c) 1024 nodes. All quantities are normalised
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Overall, as can be observed in Fig. 4, wherever the pressure is nonzero and positive (p > 0)
the final gap is zero (e = 0), and wherever the final gap is positive (e > 0), the pressure is
zero (p = 0), thus satisfying the normal contact conditions of Eqs. (2.1). Figure 4 also shows
the contact region between the normalised interval x ∈ [−1, 1]. The pressure has a symmetrical
distribution with six peaks, the largest being closer to the contact centre. Outside the contact
region, as expected, the pressure is null. The pressure profile obtained with the 64-nodes mesh
(Fig. 4a) is not smooth, and the maximum pressure is lower than those of the refined meshes. The
pressure increases more smoothly with the 256-nodes mesh (Fig. 4b) but shows a flattening at
the peaks. When the mesh discretization is increased to 1024 nodes (Fig. 4c), the entire pressure
distribution becomes smooth, especially at the local maxima (peaks). In this latter case, the
pressure peaks are also higher than those obtained with coarser meshes. This trend is because
the greater the number of nodes, the more accurate the profile representation and solution near
the peaks.

3.2. Real engineering surfaces

The cases presented below aim at evaluating the proposed calculation method for real en-
gineering surfaces. To this end, a cylinder liner surface topography of an internal combustion
engine and a 1200-grit sandpaper polished surface are considered. Both surfaces have been mea-
sured with 3D optical profilometry; the samples have 0.8 × 0.8mm and 702 × 702 mesh points.
The properties of the two surfaces are summarized in Table 3.

Table 3. Parameters for simulations of real engineering surfaces

Body
Radius of curvature Young’s modulus Poisson’s ratio

[mm] [Pa] [–]

1 1000 210 · 109 0.3

2 1000 210 · 109 0.3

To perform 1D simulations, five profiles in the y-direction are considered. The initial distance
g0 is chosen to be approximately 0.2 times the standard deviation of the roughness heights. This
value is defined following preliminary simulations and is intended to ensure that the real contact
area is 4% to 10% of the apparent area. The real area is estimated by identifying and counting
the regions of the discretized domain where the pressure is nonzero.

3.2.1. Surface of the cylinder of an internal combustion engine

Figure 5 shows, in three-dimensional and top views, the roughness profile obtained from
measurements in a mesh of 702 × 702 points on a sample of the surface of the cylinder of an
internal combustion engine.

In order to map the behaviour of the entire rough surface, analyses have been carried out
in five cross-sections with discretization points corresponding to those used to measure the
roughness profile (702 points). The sections were made parallel to the x axis, at positions
y = 0; y = 0.2; y = 0.4; y = 0.6 and y = 0.8mm. The initial reference gap value used was
g0 = 9 · 10

−5mm.

Table 4 shows, for different sections, the force and maximum pressure obtained in the simula-
tions and height of the highest roughness peak in the section. The section where the highest con-
tact force, 48N/mm, occurs is the section with the highest roughness peak (section y = 0.2mm),
and sections that have the lowest force values (sections y = 0.6 and y = 0.8mm) are also the
sections where the highest roughness peaks are smaller than in the other sections. The same
behaviour does not occur in the case of maximum pressure, i.e., there is no direct relationship
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Fig. 5. Roughness profile of the surface of the cylinder of an internal combustion engine
(702× 702 mesh): (a) three-dimensional view, (b) top view – xy plane

Table 4. Results of simulations of the surface of the cylinder of an internal combustion engine

y Force Maximum pressure Highest roughness
[mm] [N/mm] [MPa] peak [mm]

0.0 35 6035 7.0 · 10−4

0.2 48 6480 9.0 · 10−4

0.4 32 8689 7.2 · 10−4

0.6 31 5181 6.4 · 10−4

0.8 31 5189 6.4 · 10−4

between the maximum pressure and the highest roughness peak, which occurs at y = 0.4mm at
the position x = 0.

Figure 6 shows, for the central section (y = 0.4mm), the initial gap (dotted blue line) and the
normal distance of each point on the surface after deformation (solid blue line) normalised by the
maximum initial gap value1. The contact pressure (solid red line) normalised by its maximum

Fig. 6. Normalised initial and final gaps and normalised contact pressure for simulation of the surface of
the cylinder of an internal combustion engine (section y = 0.4mm)

value is also shown. From this figure, it can be noted that pressure occurs only where the final
distance between the bodies is zero, i.e., where there is contact. Moreover, as expected, the final

1It is worth noting here that for this problem and the problem presented in Section 3.2.3 (i.e., for
real engineering surfaces cases), the normalisation of the initial and final gaps (normalisations of g and e,
respectively) are different from those used for the problem of Section 3.1. This is done aiming for clarity
in presentation of the results.
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shape of the piece undergoes changes. In addition, within a section, the point where the highest
pressure occurs is the region with the highest roughness peaks, which corresponds to the highest
initial “penetration”, as can be seen when the initial gap (dotted blue line) and pressure (solid
red line) are compared. For brevity, a graph of only a representative section is presented and
discussed here and in Section 3.2.2.

3.2.2. Surface polished with 1200-grit sandpaper

Figure 7 presents, in three-dimensional and top views, the roughness profile obtained from
measurements in a mesh of 702× 702 points on a sample of a surface polished with a 1200-grit
sandpaper. Because of the polishing, the roughness peaks are smaller compared with those of
the surface of the cylinder of an internal combustion engine.

Fig. 7. Roughness profile of the surface polished with a 1200-grit sandpaper (702× 702 mesh):
(a) three-dimensional view, (b) top view – xy plane

As performed for the surface of the cylinder, simulations have been carried out in five sections.
The initial reference gap value used was g0 = 1.4 · 10

−6 mm.

Table 5 presents, for different sections, the force and maximum pressure obtained from the
simulations and the height of the highest roughness peak in the section.

Table 5. Results of simulations of the surface polished with a 1200-grit sandpaper

y Force Maximum pressure Highest roughness
[mm] [N/mm] [MPa] peak [mm]

0.0 1.11 309 2.0 · 10−5

0.2 1.04 153 1.6 · 10−5

0.4 1.20 203 2.0 · 10−5

0.6 1.11 310 2.0 · 10−5

0.8 0.86 114 1.3 · 10−6

Figure 8 shows, for the central section (y = 0.4mm), the initial gap (dotted blue line) and
the normal distance of each point on the surface after deformation (solid blue line) normalised
by the maximum initial gap value. The contact pressure normalised by its maximum value is
also shown (solid red line).

Because the surface has been polished, the roughness peaks have similar heights in all the
sections, and there are only a few isolated peaks. This can also be observed in Table 5, where
there are three sections, y = 0mm, y = 0.4mm and y = 0.6mm: the highest peak measures
2.0·10−5mm, and two other sections have lower values, but still close (1.3·10−5 and 2.0·10−5mm).
Thus, there is no significant variation in the contact force between the sections, and the highest
value is at y = 0.4mm. The highest maximum pressure occurs in the section with the highest
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Fig. 8. Normalised initial and final gaps and normalised contact pressure for simulation of the surface
polished with a 1200-grit sandpaper (section y = 0.4mm)

roughness peak (y = 0.6mm). As the heights of the peaks are more homogeneous than the
peaks on the surface of the cylinder engine, the relationship between maximum the pressure and
highest roughness peak is not so clear.

4. Concluding remarks

This work aims at developing and apply an efficient technique for determining contact pressure
distribution between elastic bodies with rough surfaces. The corresponding problem is formulated
as a linear complementarity problem (LCP), which is associated with an optimisation problem,
and this is then solved using a quadratic programming strategy.

Problems with rough surfaces in a one-dimensional domain are analysed. Initially, a virtual
surface is considered, i.e., with roughness generated by an analytic function, and then profiles of
real engineering surfaces based on experimental roughness measurements are evaluated. Overall,
the numerical results are coherent with what is observed in practice: the section where the
highest contact force occurs is the one with the highest roughness peak, and the surfaces with
higher roughness peaks have higher maximum pressures.
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